We find the critical point equation of the squared L 2 -norm of the scalar curvature of constant volume Riemannian metrics, and show that its critical points are Einstein, or scalar flat Riemannian metrics.
Introduction
A Riemannian manifold (M n , g) is Einstein if it satisfies the tensorial relation (1) r g = s g n g ,
where r g and s g are the Ricci and scalar curvature tensors, respectively. By using the trace of the differential Bianchi, this relation implies that s g must be constant when the dimension n of M is three, or larger. If n = 2, all metrics satisfy the tensorial relation above. In that case, the Einstein condition is strengthened to requiring that s g be constant also. It is quite remarkable that there are closed manifolds M that carry Einstein metrics with scalar curvatures of opposite signs [8] . In fact, the examples of such found by Catanese and LeBrun are products of Kähler surfaces, and the metrics on the surface factors are Kähler-Einstein relative to complex structures whose corresponding first Chern classes are negative, and positive, respectively.
The extremal metrics of Calabi [7] are the critical points of the squared L 2 -norm of the scalar curvature functional among metrics that represent a given positive cohomology class. If the said class is a multiple of c 1 (which, therefore, must be a signed class), when c 1 < 0, or when c 1 > 0 and the manifold is a surface with reductive automorphism group, the extremal metric exists, and is given by an Einstein metric [4, 15] , [13] . The Einstein metrics of [8] are found appealing to these results, once the complex structures with c 1 < 0 or c 1 > 0 in the underlying manifolds have been identified. (Naturally, these complex structures cannot be homotopically equivalent.) But more to the point of this note, this suggests that, in general, Einstein metrics might appear as critical points of the squared L 2 -norm of the scalar curvature functional among Riemannian metrics of fixed volume.
It is surprising that the critical points of this latter functional have been described only in particular cases. In this note, we remedy that, and find that in addition to Einstein, the set of critical points includes the scalar flat metrics, Einstein or not, as is to be expected of absolute minimizers. The argument we provide for reaching this conclusion is a dimensionless reinterpretation of the critical point equation for the Calabi extremal metrics on Riemann surfaces.
If one has a path segment of almost Hermitian structures, if the metrics at both ends of the path exhibit differences in sign for some metric tensor, then somewhere Supported by the Simons Foundations Visiting Professorship award number 657746. 1 in between some topological condition should arise as you cross the point where the sign changes. This simple minded thought was (and is) the main motivation for closing the gap in the description of the critical points of the aforementioned functional. In light of the results in [8] alluded to above, the Einstein equation is perhaps too strong of a metric tensor to keep in mind for this idea to work.
The energy S(g) of a Riemannian metric
Let M be a closed manifold of dimension n. We let M be the set of all Riemannian metrics. This is an open subset of the space of symmetric 2-tensors S 2 (M ) over M . The set of metrics of volume v = 1 will be denoted by M v .
The infinite dimensional manifold M 1 is topologized using a Sobolev norm of sufficiently high order. At g ∈ M 1 , its tangent space T g M 1 consists of the space of symmetric 2-tensors whose trace is orthogonal to the constants. Indeed, if the metric g is deformed infinitesimally in the direction of the symmetric two tensor h, then the volume form dµ g varies according to the formula
and thus, h is in the tangent space if, and only if, it satisfies the said condition. We let S p (M ) be the bundle of symmetric p-tensors on M . Covariant differentiation defines a map
, which can be composed with the symmetrization operator to define δ * g : S p (M ) → S p+1 (M ) . The metric dual of δ * g defines the operator
It plays a central role in the variational expression of the scalar curvature. The scalar curvature s g varies according to the expression
where ∆ g and r g are the Laplacian and Ricci tensor of g, respectively. The g-trace of any two tensor h is just the pointwise inner-product (g, h) g , so for instance,
The gradient of the Riemannian functional of Hilbert,
is well-known. By (2) and (4), we easily obtain that
and if we restrict the domain of H to M v , the ensuing Lagrange multiplier allows us to conclude that its critical points are the Einstein metrics, those that satisfy the tensorial equation (1) above. Notice that the fact that this holds when n = 2 reflects the fact that the functional (5) is constant in this case, 4πχ(M ), by the Gauss-Bonnet theorem. The uniformization theorem produces a metric of constant scalar curvature in the conformal class, an Einstein representative of the class. A natural Riemannian functional with more flexible critical points is given by
We think of this as the stored energy of M when being in the state defined by the metric g, and ask for the states of M of minimum energy, which are found among the critical points of S. Notice that by the extreme case of the Cauchy-Schwarz inequality, the critical states of the Hilbert functional H are subsumed into the critical points of S. In spite of the ample amount of research involving the functional S, its critical points has only been described in particular cases (see [6, page 133], [1, Proposition 1.1], [7, n=2] , or the more recent extension in [9] ). We derive them in complete generality here. By (2) and (4), we see that
Lemma 1. A Riemannian metric g ∈ M 1 is a critical point of (6) if, and only if, we have that
Proof. By (7), we must have ∇ g S must be orthogonal to all symmetric twotensors of trace orthogonal to the constants, so parallel to g. The value of the proportionality constant follows by computing the trace of the resulting tensorial identity (8) , and integrating the resulting functions over M with respect to the measure defined by g.
It is not immediate that the scalar curvature s g of a metric satisfying the critical equation (8) must be a constant, but there are precedents when the dimension of M is either 2 or 4. In the latter case, s g is proved to be constant [6] as an application of the maximum principle, and as such, the argument has a somewhat "local nature" flavor. (Besse's main interest seems to have been on manifolds of dimension 4, perhaps the reason why his result was only derived in that case.) The argument used in dimension 2 has, by contrast, a "global" flavor built into it. We pause to analyze the details of these two results.
Given a Riemannian metric g, we denote by π g the L 2 -projection operator of L 2 -functions onto the constants. If g ∈ M 1 is a critical point of (6), its scalar curvature s g must satisfy the equation
When n = 4, a solution g to (10) must be such that s g is a harmonic, and therefore, constant by the maximum principle.
In general, a solution of (10) is the constant s g = π g (s g ) = ± π g (s 2 g ) if, and only if, s 2 g − π g (s 2 g ) has a zero of order three. For (10) implies that this zero of order three must be a zero of infinite order, and the vanishing of this function would then be a consequence of Aronszajn's unique continuation theorem for solutions to elliptic equations of order two [3] . Or said differently, if there exists a point p in M where the function u g = s g − π g (s g ) vanishes to order three, then u g vanishes to infinite order at the said point, and therefore, it must be the zero function. Indeed, in terms of the function u g , (10) is given by the equivalent expression (2n − 2)∆ g u g + n − 4 2 (u 2 g + 2u g π g (s g ) + (π g (s g )) 2 − π g (s 2 g )) = 0 , which then implies that the constants π g (s 2 g ) and (π g (s g )) 2 would coincide, and by iterated differentiation followed by evaluation at p, the point p would be a zero of infinite order for u, and so u g ≡ 0. Notice that if we knew that π g (s 2 g ) and (π g (s g )) 2 coincide, by a mere integration of the equation above, we would conclude that u g L 2 = 0, and so u g ≡ 0.
But if s g is a solution to (10) , the existence of a point where s 2 g − π g (s 2 g ) has a zero of order three is hard to prove on its own, if at all possible. It is the case that the function s g is constant, but the proof of this fact requires information contained in equation (8) itself, which is somewhat lost in passing to its trace equation (10). This subtle point is illustrated well in the known proof that s g is constant when n = 2, an argument that, ironically, is more elaborate than the n = 4 case above.
Indeed, let M be a differentiable surface. By passing to a double covering if necessary, let us assume that M is oriented. Then M can be provided with a compatible complex structure J, which is defined by taking an orthonormal gframe {e 1 , e 2 } and declaring that Je 1 := e 2 . This makes of M a complex manifold of dimension 1, and the metric g is Kähler with Kähler form ω( · , · ) = g(J · , · ). We have the identity −2i∂∂f = (∆f )ω for any function f .
For dimensional reasons, we then have that ρ g = sg 2 ω g , where ρ g is the Ricci form of g. By (10), 2∆s g = s 2 g − π g s 2 g , and so ∆ 2 s g = s g ∆s g − (∇s g , ∇s g ). Therefore ∆ 2 s g + 4(ρ g , i∂∂s g ) = −(∇s g , ∇s g ) , an equation that we rewrite as (11) 4(∂∂ # ) * ∂∂ # s g = ∆ 2 s g + 4(ρ, i∂∂s g ) + (∇s g , ∇s g ) = 0 ,
where ∂ # g f is defined by the identity g(∂ # f, · ) = ∂f [11] . Thus, the vector field ∂ # g s g is holomorphic. If M is either a hyperbolic or a parabolic Riemann surface, ∂ # g s g = 0, and s g is constant. In the elliptic case, ∂ # g s g = 0 also but for a different and less elementary reason: The Kazdan-Warner invariant [10] vanishes, and this measures the obstruction of g to being conformally equivalent to the standard metric. It follows that g itself is the standard metric, and s g is constant. Thus, for any closed surface M , a critical point of (6) must be a metric of constant scalar curvature (as proved in [7] in the oriented case).
The point of the 2-dimensional argument above is that (10) leads to (11) by using the dimensional identity ρ g = sg 2 ω g , and (11) is the critical point equation (8) written as a symmetric nonlinear operator in g acting on s g . However, it is not the case that all solutions of (10) (as an equation in s g ) are constant. Indeed, the ordinary differential equation
has plenty of periodic solutions, and, for instance, on flat tori of all dimensions, the partial differential equation
has many nonconstant solutions in addition to u = √ c. On the surface M , the critical point of (6) singles out a metric whose scalar curvature is the constant solution to this equation, out of all the metrics of fixed volume in the conformal class of the starting one. This is the uniformization theorem for the conformal class that the initial metric defines. Once we pass to a double cover, dimensional reasons make the Hessian ∇ g df of a function f , s g in particular, J-invariant.
Our proof that the critical points of (6) have constant scalar curvature is a dimensionless reinterpretation of the argument above for n = 2. We use the differential Bianchi identity in the role that r g = (s g /2)g plays then.
Lemma 2. The scalar curvature s g of a critical metric g of the functional (6) is constant.
Proof. We consider the variational expression (6) for tensors of the form h ϕ = ∇ g dϕ ∈ T g M 1 , ϕ a function on M . Let g t = g t,ϕ be a family of metrics such that g 0 = g andġ 0 = h ϕ . By Bochner formula, we have that δ(h ϕ ) = −∆ g dϕ + r ij g ∇ j ϕ , where ∆ g is the Hodge Laplacian on forms, and since
we obtain the identity −δδ(h ϕ ) = −δ∇ * g (h ϕ ) = ∆ 2 g ϕ + r g · ∇∇ϕ + 1 2 (∇ g s g , ∇ g ϕ) .
Proceeding as in (7), by a simple dualization we obtain that
where the adjoint is taken with respect to the metric g. If g is a critical metric of (6), this expression must vanish. If we take ϕ = s g , we conclude that the squared L 2 -norm of the ∇ g ds g vanishes, so ∇ g ds g = 0, and s g is harmonic, and therefore, constant.
In the argument above, the variation of the metric g in the direction of a Hessian is analogous to the conformal deformation of a Kähler metric on a real oriented surface. In both cases, the deformed metrics differ from the original one by the action of a one parameter group of diffeomorphism, and in the latter case, the Kähler forms of all the resulting metrics represent a fixed Kähler class relative to the complex structure that the conformal metric defines. In higher dimensions though, even if M is assumed to be complex of Kähler type, the resulting variations do not have to be Kähler as the Hessian does not need to be invariant with respect to the complex structure.
Theorem 3. The Euler-Lagrange equation for the functional (6) is given by the tensorial equation (12) 2s g s g n g − r g = 0 .
On a connected closed manifold M , a metric g is a critical if, and only if, it is either Einstein, or scalar flat, or both.
Proof. By Lemma 2, the scalar curvature s g is constant. By this, (8) simplifies to the tensorial equation (12) .
Let g be a critical metric. If n = 2, then r g = sg 2 g and so Einstein. If n > 2, if s g is nonzero at some point in M , s g must be a nonzero constant, and g must be Einstein, in a neighborhood of the said point of M . By Aronszajn's unique continuation theorem [3] , (10) implies that s g is a nonzero constant globally, and g is Einstein. Finally, Ricci or scalar flat metrics satisfy (12) .
Some remarks on the critical values of S
In dimension two, the set of critical values of (6) can be described completely, a direct consequence of the uniformization theorem. This result will have no strong counterpart in higher dimension, as the Catanese-LeBrun example [8] alluded to before shows. Though the entire picture remains unclear, even the nongeneric positive case is substantially more complicated.
Lemma 5. If M carries critical metrics of (6) of nonnegative scalar curvature, then the set of scalar curvatures of all such is bounded above, and if n ≥ 3, it could contain infinitely many elements. If M carries a metric g of nontrivial nonnegative scalar curvature, and n ≥ 3, then 0 must be a critical value of (6).
Proof. If r g = s g n g ≥ 0, then by Bishop comparison theorem we have that
where ω n = π n 2 Γ( n 2 +1) , Γ the Gamma function. If s g > 0, by Myers' theorem, we have that diam(M, g) ≤ π sg n(n−1)
, and so s g must be bounded above since v g (M ) = 1.
On M = S 2 × S 3 , Wang and Ziller [14] construct a countably infinite set of volume one Einstein metrics g n whose scalar curvatures s gn are positive, and such that s gn ց 0. In the limit, the metrics collapse.
The latter assertion is well known [6, Theorem 4.32 (ii) ]. We sketch a proof here for completeness. The conformal Laplacian
is a strictly positive self-adjoint operator, and therefore, the Yamabe conformal invariant Y(M, [g]) is strictly positive. On the other hand, M carries a metricg with negative scalar curvature (see, for instance, [5] and [4] ), and so Y(M, [g]) < 0. By continuity of the Yamabe invariant, along the segment (1 − t)g + tg, there exists a metric whose Yamabe invariant is zero. Its conformal class contains a metric of zero scalar curvature. This metric is a critical point of (6) of critical value 0. We close the note by discussing a family of Hermitian deformations of an Einstein metric on a manifold that exhibits different signs for its scalar and J scalar curvatures, a bit intended to justify the comment we made at the end of §1. Example 6. The Calabi-Eckmann manifold S 2n+1 × S 2n+1 is the total space of a flat torus bundle over P n (C) × P n (C), and thus, carries an integrable almost complex structure J compatible with the standard product metric g n . Suppose that this metric is dilated in the vertical directions by a factor ε 2 . Then, the scalar and J-scalar curvature of the dilated metric g ε n are given by s g ε n = 4n(2n + 1) + 4n(1 − ε 2 ) , s J g ε n = 4n + 4n(2n + 1)(1 − ε 2 ) , respectively. Notice that g n = g 1 n . It follows that as ε ց 0, the Einstein metric g n is deformed and collapses in the Gromov-Hausdorff sense to the product of the standard Fubini-Study metrics on P n (C) × P n (C). On the other hand, if we blow up the torus fiber letting ε ր ∞, the Einstein metric g n transitions smoothly from metrics such that s g ε n > 0 and s g ε n > 0 to ones where both of these scalar tensors have negative values, the inequality s g ε n > s g ε n holding always.
